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Polugon spaces
J )

Fix = (N.ra. e, M) € RS0 o (tl'le |en8b|1d§eo|'§es)
S0@3):= SO(3:IR) & IR> linear
S0B3)a S'(r:= f('x.g. )€ R3: P+ 3’1- 2= P

Poquon Spoc
U )

n+3 n+3

MF\ = {\7‘: (Vu.\/:z. oo Vn+3) (S Tr S (r;): Z‘ vV, = 0{/30(3) (diaaonaﬂ O.Ct'ion)

Some Socts
o M-r-_\ *Cb }9 e it e+ +Nat e+ ag (312,000, M+3) .

. M# ~ ((EP‘)(M%// PGL (2.€) Pro(}ecﬁve vwriet«j

n+3

* Fis couedgeneric & Jmo T = (B, Enia) € fi‘@ms s.t. 2_ ¢ =0
v=|
M3 is smooth & T is aeneric
* Mz is Kéhler, dmgM=2=n



Disk ,potential Functions 2/8
(Fukaya— Oh— Okta— Ono)
* |l :a Lagrwngian torus o{- (X.w), (wl-n.x-n_= o, olim.RL= olim,gX/Q)
JoTM, J3%=-1d, (BGTCQ(X.L)

)
M.(@\:{Q%L (5 77| deoy= Tedg >/N

D* J
vir. dimg M, (@) = dimg L.+ M) -3 + |

e Assume that ﬁ stoble ™op bounded b:j L. of jh.(@) <0 ($ QM(@) = d))

° Counting invarionts (a.l(.a oPen Gromov — Witten invorionts)
Mg := the degree of eve: ALi(p) — L. (¢ > Qo)
(mp con be monzero onb tohen dimg M, ()= clim g L~ & OM(R)= $)
* £ — L. triviol line bundle

{ \Y ‘ V is o Hot €' connection on Z.} /rv Serves o oomlalex mirror chart



Disk 'potentio& Functions (cont:) 3/8
e | = T" Choose oriented |ooI>s 6:.61. -, 0y s.t.
(L) = Z" = Z<0/,62,**,6n)
{ V|V is 0 Slot C- commectionon 2§ /o = (C*)" ¥ = (2= holg (63))

DeSinition (Disk 'potentio& -Eunction)
W0 o= 32 g, W (@) — C

e.3> (X= CP. oofs), L= (e%uator).
Ta(X.L) = Z* ~ Z<p. $7-@) @
Toke 6 := ¢ ond set «:= holy, (8) € c* .

: S-

x
* More 8enenolﬂj. may hove 'mutil:le Laarongian tori ~> 'multéf:'e ()" chores .
Chorts ore 8|ueol to Pmduce o l:e:H'er”fmirror‘_




Bendirg sgsterns
Want to construct Logro.ngian tori in Mz ( Poljaon sPace)
(KaPovich — Millson)
o M= has a Homiltonion torus action (deSined on its dense open subset )

n+3

For 7= (N.ra. + . Fua) € R>o, we toke a‘i'r’ianauﬂotion oy (N+3) -gon

@ ® (bending olong the chosen diogorals. )

Have a Laa. torus Fibrotion By : Mz — R"
(8iven l:j the |L=m3‘l:lq of the chosen diagonogs)

* The imo.ge oS Pp is o P°|:)t°|°e 8iven b:j trioungle, ine%uagjties.
e.g> m=2. =) $a = (8, By)

0
Vi Vs
> 3 — =
2 5 GM,-IV\IR __.:A%:Im_i@m"aﬂ?.
Vo ‘ vy
344

Ve



SY 2 mirrors O'S:' olugon s'poces

Ve

Theorem (Lou—K. — Zheng)
Assume that T is e?)uﬂo-rem& ond generic. X:= Mp (Po‘ggon sPace)
Then on SY2 mirror of X is o LG model (X, W)
e X = Gr(2.C™) N} Pra= Pes= - = Prvama = Puneaf

n+3

eW: X —C W(p):= E' Pi.iva

(Reaum‘ Gr(2.€C™?) € IP(AN €C™®) vio the Plicker embedding Paa_)




6
Disk potentnoﬂ Functions Sor cotenp llor beno‘mq SU\S*BmS /8

Assume, that T is e%wlo-remﬂ. ond aenemc X .M—‘ (Po|380n sPace)

* & the corterpillor beno(mg system Sn= (e, B v*" Rymea)
L. := the monotone Lo.granaion torus Siber o§ B, located ot the center.

2 L P_'Aﬂ_|_ﬂa:_|_ | )
WL@ (P'3+P'3) (Pln+9.+P, )-'—;53( Pr3 P.&.ﬂ Pr3 Prr
e.9> N=2, =101, |) M-w-olPs
P|4- _&_l_ )
W CP.a P+ Pr°‘+P' F'4+ P'3+ Pi4 P'aP'

B iy

Remark (FOOO % Poscolle$S - Tonkonog ) Compute the disk Pc-l-ervb.oﬂ oF olPs.



Cluster varieties via SY 2 mirror s\\jmmw_w}\ 7/8
( Fomin— Zelevinskj)

o Mutotions
® Seed Ma(X.BY= (W.B) (h=1.2, 1)
)(:(’Zn,’xn,“',’X‘n,'x‘nH."'.’xm\ A ’K(= x,
~_ — g W °
cluster vor. j:boeen or (Do (T 0% T
vor. ®f T T T (b;.!oox';' +b1.<o(li' )
I by **° bm\ ~ x.'Lr/n'; A
A  B= (b)) num
B - b“‘ se o b,rm 1 Skew—S\kj'th‘e"“Q - b‘l’A’ ('L=£ or&.‘-: ‘£)
. . (SjmmGl‘h%ouﬁ’A b{& = { bi: £ bit b"’)’ (b,{g&bﬁ z 0)
d
b»m‘ * bfm'n

- - Mxn b@-— (otherwise)
( FDC|< — Gonckorov) u.; o SPQC (C[f*]) ~ @:*)fm
DA-:-.- U(;(’ R) u-; 8'“3 Vi H‘le bimﬁonQQngoHnwon ®

Q. Fora Siven cluster vaﬁcbj X, §ind a symp m§ld ond @ Lng +orus Sibration

oohose F|oer~ t‘f\eoreticoﬁ WUrror iS X.



Poquon spoces — c|us+er vorieties 09 wpe A
JO 73

Sjmflech’c 7nirr/~or Com'plex
Poljgon Spoce. /, Cluster vori ch- Corton A‘b'y])e
Beno‘ina Sjs-l'ems ; wrthout ‘E?ozen variobles
€.8> n=2, r=(L1.0L11), Mz = Q‘Pg
Intiol seed ((L=ps ta=pu), B). Set B=(97) and B=-B.

0 the (U
((x 1), B) ~ ((17.7%). B)

WL®=(P-3+%)+<P.4+P%)+ (I;L:z+f,;"—:+ P‘:m) / ‘ wl_®=(|>.3+i)+(|>.4+?%)+ (%+{;“—:\+ -

(s, 14V, B) <}‘_) ((xs.%0, B')
" | n
@ X+ Aot | L0%d @

Ao,

i (o)l ) (B de ) MM T

Ve

)



ComPuto.tion og' olisk 'potentio.q '?unctions Vg
(To riCc cose)

Cho— Oh, FO00. Woodword. Chan— Lou— Leung— Tseng
e-3> Fano toric cose Wdisk = Wahv

cP* |
W= 3!"'32 +g'_31

«
Vi

(Nishinou— Nohara— Ueda) concems CP'
Toric o\egenemd:c‘ons %=1 %1-} rec — C Sorhsfa':g_ |
® eoch ¥t is Fono, %o hos onB coniSold sina tj s®

q, ~S~ S

¢
¢

,\\/o \ — /!
§A§ 4\\ /[>

= \/\/o\:sc, = \/\/eﬂ-\v (r‘eseml)‘e the Fono toric oose)

eg> GrelSond — Zeitlin systems of Po.htioﬂ '903 vorieties of type A SL.(C)/P




10
Disk Po-l-entiaQ ‘F‘uncl;ions ono| toric o‘eqenemtions /8

But. still Sor Srom mo‘erstonolirg oﬁsk Potenmﬂs of 5eneroﬂ toric Jeaenemr;;ons.
ExamF|es not sod:i&ain% ® include

® Portiol Hag manifolds (otherthon type AlC)
Gel§and — Zeitlin toric oleg. of PomtiaQ -Q-lag var. oy type Bond D

® Fven 'S'or‘ Por*tno.Q '9&3 var oS: type A
Toric clea. stociofeol to sfring Po)jtopes
%o M/’%‘ﬁ\% q:/;/ (Cho - K.— Lee = Park)
l ¥ % \L * toric o‘eg “close to” G2 cose sotisyies @
A l \L A”/ * ‘S:ow\cl Some foric o‘eg not Saﬁsgjing @
S
* 3D Poljao" Spoces M:
Ne@d to enhance understono\iné b@ono\ @



Generolized GelSond— Zeitin sgsiemg ond Morsh— Riet:_sck mirrors y I8
(Housmonn— Knutson, Nohara— Ueda)
Gr(2.€") | Gelfond— Zeithinsystom | Generolized G2 systoms
J/{-‘ Corl'erPi"ar bevdina s:,shm Beno‘ina SJS'fnms

" 0 Y=

(Nohara— Ueda) e,xPlorec\ relation between GG2 systems and recovered MR mirror:
D SR €
By = (B, By, B By / - /

© 2y = (Bu, B, B, By

(Marsh — Rietsch ) derived o LG mirror whose Joacobion rw’ng is isom. to QH o5 Gr.

= Gr(a. Cw-a)\ D(PV’DA Ridhardson) . W 1= >~ "% )( — C




szen and clus‘l'er vomioHes QS holonomq VO'I"I'OL‘ES %
-J

SJMP\QC'(){C, COVV\P‘QX
G‘P(Q.Cmg), LW: torus orbit 1\1® ~ (@*)9’“1—9’
( B4, ,§dn . locol torus oct. Piiva = hol g (0;) (i=1.-++.n)
Bei.""", Bona * globol torus oot ( (cluster voriobles )
Choose loops os orbits Pi-n.i+1-n = hol¢(6;) (4= N+l eee, 2M+2)
] 0, e'n'. 9714-!: cee @;n-\-s_ (§m2en variuues)

(kg V) ~ (kg V)
Gr(2.C™"%) L Lo o

Y/ Tu
Mz b L+

Wall— Dr‘ossing = Mmutotion
J—Lﬁ@ (2 «E*)Q.'m-ﬂ.)‘ B(:m-v-z}x‘h

i, Pra=Px= - = Preamy = Pim3
U Up, (= (€)"), Bon

s

SEEA N L NI N U N UL N SN N N N N N L N N N N N N N Y



Stro.teng
¢ To calelote the disk Po‘l'entiaq' '9‘*"‘313@"8 'S:or @ /

various benoling s5s+e.ms. it Suggioes t coml)u'ie y

one of them. @/,\@
5 Q

W<

AN
@ ] |
;L@% =

/

e Globol = Locol = mew Globad \ P Vo \ /
G‘lobo& Pomi;iQQ -Slog varieties o§ Vorious tvPes @ @ @
——— /

(Cho— K. 2 Oh) A

Local T*VA(C™. T VL(RY), T* UM, T*SUm, T*Som T*S"

New Global Po |330n spoces.

/\ Eachdisk ocmesponoling to atermin W is contained in o locoll model .

ERNZ




Si ngu]ar ";:il:g,rs O'S:_bending s&sﬁams %
(Bouloc) IS Tis generic. t}\e -g'ibeh c@ om3 Point under §-,—: IS On isotroPic subwrg'lo‘
di'g'geomorpl\icto
S0@ (S T x T
Need locol models. T SO®). T°S*

eqd> M=8 T=(1,e 1)
(|d|a| >0, |die| = l |dis| = 0, |diel = 1, |dir| = O, |d|8|=|, |o‘|1| >O,|dao|>0) giveh
n ’R3
2=
ey " TheSheris s SOG «S*xT
So(3)
=2, F=(.1.1.1.1), Ma = dPs



Com'putotion 0'9 disk Potentio& ‘Q'WICﬁO“S 'S:Q" Q&(. 0:4) O‘"d OG-(2,(]:5) %

4 S0
ogu.ch & 0G(a. C°) ;)
(r? é '
0 \
WL_(X\z Ao + ’h’lg,-\-q— ‘1‘01; W;_(X\z A3 + | + -l-i-i-k-i-b'—
Xy Ao A\ As Ay Ly X3 A A3

* Nomotter what a.b(eZ)are, L. odmits V's.t. (L.V) is & nonzero ob.

® (Sheridan, AFO00) G(TOG)U — & QH'(OG)
Fuk, (0G(.€*) is mon-triviall when A= 4.0.-4 (& OG(.C* = CP'x CP')
Fuky (OG- (2.€%)) is non-trivill when A= 4.-4. 41.-4: (4 0GE.C) = CF)

> 0=2 € b=0
In sum,
x \ | | x 1
WL_(X\ = o+ L%+ — t+ 2— W;_(X\ = 3+ — + + ! + 2
? € Aa, 'x(ls Ay Lg Aqy xQ



Computotion og disk pdl:entioﬂ -S:unctions for poquon spaces Mz '6/8
' ' 79 |

® For o.generic r, M=z is SjMP. Fono = )

® Arca=1 + '3(5 e N determine eSSective homoﬁoH
= @ x)
closses 0'9 Maslov index 2

® | ocol models compute open GW invorionts

e9> N=2 g @i+ GatkIS]

2 2
@ (a tone d on
¢ N W
(1"5 'Cl)@ Bs —;1(4. 1-3‘-@2*-{’@]'_321
o S2.S5 collopse
_'tg(M-\ L)® Q= @:’ /V\A,w:ﬁivg 1{2()(031_0)® Q= @E
= \ 2 UJU.I ku,J’Qﬁ*“L@ﬂ‘&[S:] — L
= 0G0.CYH = * (503 )

— < 18 ogolearee 2,



Computotion og disk potentiO& ‘QW\C‘:"O"S 'S:U" P°|‘4Q°" Spaces Mz (°°"+) %8
] ] ! 7 YJ I

For hi gker o\imensionog coses.
e.3> N=4. T=CL1 e 1) \Zu4 E
In this cose. need to core the '§o||owin3 Logr‘ongion Sibers &-0,| U
( Twoe SO X T G-I: »
Two S'xT° 1
For instonce, S x T~ occurs ot (|dal, |dil, |dal, Ids]) = (0.1.1.1) 4:' 111

/,\ . ‘ .
Anbd U around S*% T con be triviclized as W/T? x (C*) via toric Jea.

Then hove on orientotion Preservmg di-SEeom.
MU TR == M(WIT T2 8) x T

(7950 =y o)



Choice,o&: r

We are concerned with the e%wlaw case.
Q. What '.S- we c}‘nonge k]

Can have d.‘;?mm; Qﬂgebraic varieties / o\rgge.rent %bmﬂ:&ons

e.g> T = (1.1.3.3.3) MF“=CP‘XCP| wl_3+;l_+g_+3+&z
eq> = (.3331) Mg =CP'xCP azyd_EJ,ya 32

Pl

e.3> R= (1.1.3.2.9) Mz ~CP#2CP Ws 2= Y+ §T+y +}1'|g=+31

eq> Ty= (22244 Mg ~CP#3CF . . 1

D D

As |or\8 as M? IS moncfone. one con gim'clomlj OomFu're W.

Az A

Ve



Thank Youl!




